Abstract. Under certain conditions, a recent method of Barlet and Koziarz [2] constructs enough holomorphic functions to give a direct proof of the Stein condition for a cycle space. Here we verify those conditions for open G 0 -orbits on X, where G 0 is the group of a bounded symmetric domain and X is its compact dual viewed as a flag quotient manifold of the complexification G of G 0 . This Stein result was known for a few years [9] , and in fact a somewhat more precise result is known [12] for the flag domains to which we apply the Barlet-Koziarz method, but the proof here is much more direct and holds the possibility of greater generality. Also, some of the tools developed here apply directly to open orbits that need not be measurable, avoiding separate arguments of reduction to the measurable case.
Introduction
Let G 0 be a real semisimple Lie group, G its complexification, Q a parabolic subgroup of G and X = G/Q the corresponding flag manifold, and D an open G 0 -orbit on X. Let M D denote the linear cycle space of D (see (2.6 ) and (2.7) below). The usual proof [9] that M D is a Stein manifold, in the case where D is measurable, i.e. where D carries a G 0 -invariant positive Radon measure, is rather indirect. One constructs a particular exhaustion function on D, uses it to verify that D is (s + 1)-complete where s is the complex dimension of the cycles in M D , and then in a rather technical way pushes the exhaustion function from D to M D . This is done in such a way that (a slight modification of) the resulting function on M D is a strictly plurisubharmonic exhaustion function there. If D is not measurable, one studies [10] a minimal flag covering of X and D.
Under certain conditions (2.11) the Barlet-Koziarz intersection method can show directly that M D is Stein. That is the new element of this paper. One uses the intersection method to construct enough holomorphic functions to show that D is holomorphically convex, and at that point the Stein condition follows from some elementary conditions. The delicate points here are the G 0 -orbit structure of the boundary of D in X, construction of a certain transversal X to the elements of M D , and an implicit application of some results from intersection theory on the Chow ring of X. See Proposition 2.13.
In Section 2 we describe the Barlet-Koziarz method and specialize it to flag domains.
In the case where G 0 = SU (p, q) and X is the complex Grassmann manifold Gr(p, q), we verify the conditions (2.11) with classical computation. This is done in §3, and it is done in a way that indicates the procedure in a more general symmetric space setting. There are really two parts here: elucidation of the G 0 -orbit structure of X and construction of a certain sort of transversal to the cycles. The result is Proposition 3.12.
The general hermitian symmetric space considerations are in Sections 4 and 5. The G 0 -orbit structure is described in §4 using partial Cayley transforms, which leads more or less directly to construction of the transversals in §5. The result is Proposition 5.17.
The conditions (2.11) were first used by Barlet and Huckleberry where G 0 = SL(n + 1; R) and X is the complex projective space P n (C), so there is just one open orbit D = P n (C) \ P n (R). The cycles have codimension 1 in D so one can use complex projective lines for transversals. The technique described here started when I noticed that their considerations, codimension 1 cycles and transversal projective lines, held as well for the case G 0 = SU (p, q) and X = P p+q−1 (C). Later, Huckleberry and Simon [3] carried out a complete analysis of the case where G 0 = SL(n + 1; R) and X is an arbitrary flag manifold of G = SL(n + 1; C).
I wish to thank Daniel Barlet and Alan Huckleberry for explaining their early example to me, Vincent Koziarz for his cooperation in keeping me informed as [2] progressed and for his comments on earlier versions of this paper, Robin Hartshorne for some discussions on intersection theory, and, especially, Alan Huckleberry for comments and suggestions on the organization and material in Section 2.
The method
Here is the method used for our examples, extracted from the more general results of [2] and reformulated for consistency with the usual notation of complex flag manifolds and hermitian symmetric spaces.
Let Let f : X → C be a holomorphic function , and define 
We reformulate Proposition 2.5 for the special case where G 0 is a real semisimple Lie group, G is its complexification, Q is a parabolic subgroup of G, X is the complex flag manifold G/Q, and D is an open G 0 -orbit in X. We refer to this case as the "flag domain case."
In the flag domain case, we have a particular cycle
where D = G 0 (x 0 ), K 0 is an appropriately chosen maximal compact subgroup of G 0 , and K is the complexification of K 0 . See [7] for the fact that Y 0 is a complex flag manifold sitting as a maximal compact subvariety of D. Here s = dim C Y 0 and we make use of
Then M D has topology and complex structure as an open submanifold of
Here (2.9) is the definition of M X . See [9] or [12] for details.
We may assume that X is irreducible, i.e. that G is simple. For everything breaks up as a product according to the decomposition of G as a product of simple closed normal subgroups. If G 0 /K 0 is not a bounded symmetric domain then the Lie algebra e of E is a maximal subalgebra of the Lie algebra g of G, so either E = G with G 0 transitive on X, or K is the identity component E There is a closed complex submanifold X ⊂ X such that
The hypothesis of the second part of Proposition 2.5 will not be an issue.
A standard and straightforward intersection number argument gives Lemma 2.12. In the flag domain case, let X be a closed complex submanifold of X such that (i) codim(X ⊂ X) = s, (ii) X meets the base cycle Y 0 , and X is transversal to Y 0 in at least one intersection point, and 
is holomorphically convex by Proposition 2.5 and Lemma 2.12. Thus we have F :
, and we replace X by g(X ). So, as in the second part of Proposition 2.5, M D is Stein.
Grassmann manifold example
In this Section we work out the case where X is the complex Grassmann manifold Gr(p, q) of q-dimensional linear subspaces of C p+q , and G 0 is an indefinite special unitary group SU (p, q). This illustrates the situation where X is an hermitian symmetric flag manifold, compact dual to a bounded symmetric domain G 0 /K 0 , treated in Sections 4 and 5 below. Of course one can skip this Section and go directly to §4 and §5.
Notation. 
The SU (p, q)-orbits on Gr(p, q) are given by the restriction of h to the elements of the orbit. So the orbits are the
where f j = e p+1−j + e p+q+1−j 
and their boundaries are the union of the orbits given by
Note that the bounded symmetric domain G 0 /K 0 here is D 0 , and its boundary orbits are the D 0,q−j,j for 1 q min(p, q). The boundary orbit
is the Bergman-Shilov boundary of D 0 .
Fix D = D a as in (3.3). It will be convenient to denote
where 
has basis {e i | 1 i a} ∪ {v j | 1 j q − a}. If we add an appropriate linear combination of these e i to v j we kill off their v j,s,+ summands, changing v j to e p+j . Now
We have proved that g(S Proof. We have all of (2.11) except (2.11)(ii). But (2.11)(ii) was only used to show that X a meets every cycle Y ∈ M D , and we proved that directly as Lemma 3.10. Thus, essentially as in Proposition 2.13, we conclude that M D is Stein.
Cayley transforms and boundary structure
In this Section we recall the explicit real group orbit structure of flag manifolds that are the compact duals to bounded symmetric domains. That uses the Cayley transform methods of [5] , [6] and [7] , as described in [8] , and extends (3.1), (3.2), (3.3) and (3.4) to the more general setting of hermitian symmetric spaces.
Let We may assume that G 0 is contained as a real form in the connected simply connected complex simple Lie group G with Lie algebra g. Let Q ⊂ G denote the parabolic subgroup with Lie algebra q as in (4.2 Given ψ ∈ Ψ we have the 3-dimensional simple algebra
and its compact real form
They define 3-dimensional simple subgroups
are well defined subalgebras that are Lie algebra direct sums. The corresponding groups Theorem 4.19 gives us the boundary information that we will need in order to extend Proposition 3.12 from Grassmann manifolds with G 0 = SU (p, q), to all hermitian symmetric spaces. The boundary orbit information (3.1), (3.2), (3.3) and (3.4), for the case where G 0 = SU (p, q), can of course, be extracted from Theorem 4.19.
Construction and analysis of the transverse variety
Retain the setup and notation of Section 4. In this section we will construct subvarieties X i ⊂ X for 0 i such that X i satisfies (2.11) for the open orbit D i . For this we have to define certain subspaces of g 0 using the partial Cayley transforms (4.17).
Fix a subset Σ ⊂ Ψ. It is a fact [6] that Ad(c 4 Σ ) has square 1 as an automorphism of g, and that it preserves both m and g 0 . Define 
Our use of Lemma 5.2 will require a refinement of the notation (5.1). If Γ ⊂ Φ we note that the centralizer of g[Ψ \ Γ] has form (subspace of t) + α⊥Ψ\Γ g α . It is a reductive algebra with semisimple part
which in turn has real forms
Of course we have the corresponding analytic groups
and their orbits
Note that g Γ has Γ as its maximal set of strongly orthogonal noncompact roots. In effect, these groups and spaces repeat the situation of G 0 and X with Ψ reduced to Γ. Passage from G 0 to G Γ,0 was exemplified in §3 by passage from SU (p, q) to SU (p − a, q − a) with a = |Ψ \ Γ|.
We combine the idea of (5.1) with that of (5.3) and (5.4) .
Then of course g
and analytic groups
Proof. This is essentially [7, Theorem 11.8 (1d) ] with Γ = ∅. It is based on the argument in the proof (see [7, p. 1215 
Proof. This also is implicit in [7, Theorem 11.8 (1d) ] with Γ = ∅. By construction, Ad(c . Proof. The fact that π is a real analytic fibration, is contained in [7] and [8] for Γ = ∅. It is also shown there that the fiber π
). The precise description of the fiber, asserted here, now follows from Lemmas 5.11 and 5.12. Σ , which is a bounded symmetric domain, thus Stein. This is a consequence of [11, Theorem 3.8] as follows. Our X is both the hermitian symmetric space X of [11] and the complex flag manifold Z of [11] . Our x 0 is the base point for both. Now the G 0 -orbits on X are the D Γ,Σ as described in Theorem 4.19. Our Ad(c [11] . Our X Σ = G Σ (x 0 ) is the space F = M (z) in [11] . Note that g[Ψ] ⊂ g Σ , so our Ψ is the Ψ m of [11] . Thus [11, Theorem 3.8] , especially the last sentence of the theorem, which is hidden at the top of page 400 there, gives the following. As Φ and Γ range over disjoint pairs of subsets of Ψ, 
